Regularity Problem for Extremal Vectors by Verliat, Jerome
ar
X
iv
:m
at
h/
07
03
23
2v
1 
 [m
ath
.FA
]  
8 M
ar 
20
07
Regularity Problem for Extremal Vetors
Jérme Verliat
∗
Abstrat
In this paper, we will use results developed by Ansari and Eno in the theory of
bounded linear operators with dense range. We dene two maps, with regards to
some parameters, that ontrol surjetivity default of a given operator, and prove
analyity for the rst one and global ontinuity for the other one. Minimisation
results are also obtained in relation to this study.
Introdution
Let H be a separable innite dimensional omplex Hilbert spae and denote by B(H),
the algebra of bounded linear operators on H. Given any operator T of B(H) with dense
range, it is quite natural to estimate it's surjetivity default.
Suh a study was rstly proposed by Ansari and Eno ([ae℄) to produe invariant
subspaes results by onsidering the best approximate solutions of the equations T ny = x0
with n ∈ N, for the ase when x0 is not in the range of T . Then, this subjet was developed by
many authors, for example the ontribution of Foias, Jung, Ko and Peary ([jkp℄, [fjkp2℄,
[fjkp3℄) that made an important breakthrough in the searh of hyperinvariant subspaes
for some lass of operators.
For the sake of ontinuing this progress, we will work again on the bases of this theory,
that is the extremal vetors. Preisely, this paper gives some results onerning minimisation
problem in the researh of extremal vetors and study their dynami regarding several
parameters.
1 Notations
In the sequel of this paper, B(x, r] will stand for the losed ball entered on x with radius r
and ∂B(x, r) for its boundary. As H is a omplex Hilbert spae, denote by 〈·|·〉 its omplex
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salar produt, and [·|·] the one of the natural real prehilbertian struture of H. For any
xed vetor u of H, onsider the hyperspae orthogonal to SpanR(u). Then denote by Du
the open half-spae delimited by this vetor spae suh that it does not ontain u and by
Eu its omplementary in H.
Let T be an operator of B(H) with dense range. For suh an operator, the vetor 0
has a well-known pre-image. Let x0 be a nonzero vetor of H and ε be any real number
suh that 0 < ε < ‖x0‖. Sine T has dense range, we an nd some image Ty in the ball
B(x0, ε]. The idea is to pik up one partiular vetor y suh that Ty is in the previous ball.
Preisely, Ansari and Eno onsider the y of smallest norm suh that ‖Ty − x0‖ 6 ε as it
is shown in Lemma 1.
Lemma 1. There exists a unique vetor y0 that belongs to B(x0, ε] and that satises the
ondition
‖y0‖ = inf {‖y‖; ‖Ty − x0‖ 6 ε} .
Proof. Set F := {y ∈ H; ‖Ty − x0‖ 6 ε}. This is a losed onvex nonempty subset of H.
Indeed, sine T has dense range, F is nonempty. Moreover, we notie that
T−1 (B(x0, ε]) = {y ∈ H; ‖Ty − x0‖ 6 ε} = F
is also a losed set beause T is a ontinuous map. To onlude, if y1 and y2 are two vetors
of H and t ∈ [0, 1], then ‖T (ty1 + (1 − t)y2)− x0‖ = ‖t(Ty1 − x0) + (1 − t)(Ty2 − x0)‖ 6
tε + (1 − t)ε 6 ε, so F is a onvex set. Consequently, the projetion theorem in Hilbert
spaes laims the existene and uniity of y0.
Denition 1. Suh a vetor is alled extremal vetor assoiated with T , x0 and ε. It will
be denoted by yx0,ε in the sequel.
We have hosen this last notation to stress the dependane of extremal vetors on the
two parameters. Indeed, two maps an be dened : either x0 is a xed nonzero vetor, and
we dene the map
yx0,· : ]0; ‖x0‖[ −→ H
ε 7−→ yx0,ε
;
or ε is a xed nonzero real number, and we dene the map
y·,ε : H\B(0, ε] −→ H
x0 7−→ yx0,ε
.
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2 Minimisation Plae Preisions
As mentioned before, to nd the extremal vetor assoiated with some T , x0 and ε, is
a minimisation problem. The omputation of yx0,ε results from a norm minimisation of a
vetor y suh that Ty desribes the whole ball B(x0, ε]. In fat, only the minimisation on
its boundary is suient.
Lemma 2 (Ansari-Eno). The extremal vetor assoiated with T , x0 and ε is the vetor y
with the smallest norm suh that
‖Ty − x0‖ = ε.
Proof. Let y0 be the extremal vetor assoiated with T , x0, ε, and suppose that ‖Ty0−x0‖ <
ε. On the one hand, we an write α = ε−‖Ty0 − x0‖ > 0. On the other hand, there exists
a real number δ > 0 suh that B(y0, δ] ⊂ F . Indeed, every vetor z belonging to B(y0, δ]
satises : ‖Tz − x0‖ 6 ‖T (z − y0)‖ + ‖Ty0 − x0‖ 6 ‖T‖δ + ε − α 6 ε for an appropriate
hoie of δ > 0 provided that δ 6 α‖T‖ holds. Consequently, (1 − δ2 )y0 has a smaller norm
than y0, whih is impossible. The proof is omplete.
We now give a restrition for the minimisation. In that way, we need the following result
asserting the ollinearity between the two vetors T ⋆(Tyx0,ε − x0) and y0.
Lemma 3 (Ansari-Eno). There exists a negative number r0 suh that
T ⋆(Ty0 − x0) = r0y0. (2.1)
Proof. This lemma is based on the following result oming from real prehilbertian strutures
on a omplex Hilbert spae H :
Lemma 4. Let ρ be a non negative number. Let u, v be two nonzero vetors of H suh that
for all z ∈ H, [u|z] < −ρ‖z‖ =⇒ [v|z] > ρ‖z‖ holds. Then, there exists a negative number
r with |r| > ρ‖u‖ suh that
v = ru.
Proof. Let z be a vetor suh that [u|z] < −ρ‖z‖ 6 0 : then z belongs to Du. Sine v
satises [v|z] > ρ‖z‖ > 0, it belongs to Ez. Consequently, v belongs to the intersetion of
all Ez when z desribes Du. So there exists a negative number r suh that v = ru. Then
using z = v we get ‖v‖ > ρ, as ‖v‖ = |r|‖u‖, we obtain |r| > ρ‖u‖ .
Therefore, we only need to hek that u = T ⋆(Ty0−x0) and v = y0 satisfy this lemma's
hypothesis in the partiular ase when ρ = 0. Observe that
ψ(t) = ‖(Ty0 − x0) + tT z0‖2 = ‖Ty0 − x0‖2 + 2t[Ty0 − x0|Tz0] + t2‖Tz0‖2 > 0
3
and ψ′(0) = 2[Ty0 − x0|Tz0] < 0, thus ψ dereases on [0, t0] for some t0 > 0, that is :
‖T (y0 + tz0)− x0‖2 = ψ(t) 6 ψ(0) = ‖Ty0 − x0‖2 = ε2. The minimality of y0 asserts that
‖y0‖2 6 ‖y0 + tz0‖2 = ‖y0‖2 + 2t[y0|z0] + t2‖z0‖2,
onsequently ϕ(t) := ‖y0 + tz0‖2 denes a dereasing map on [0, t0], implying ϕ′(0) > 0,
i.e., [y0|z0] > 0.
This result, proved in [ae℄, provides the following new redution of the minimisation
plae. We are only satised with the minimisation on a kind of ap of the sphere ∂B(x0, ε).
More preisely :
Proposition 1. The extremal vetor yx0,ε is the vetor of the smallest norm suh that
Tyx0,ε belongs to
Vx0,ε := ∂B(x0, ε) ∩ B(0,
√
‖x0‖2 − ε2].
Proof. Lemma 3 implies the existene of a negative number r0 suh that T
⋆(Ty0 − x0) =
r0y0. This entails [Ty0 − x0|Ty0] = [T ⋆(Ty0 − x0)|y0] = r0‖y0‖2 < 0, meaning that the
angle formed by vetors Ty0 − x0 and Ty0 is obtuse. For a better understanding, we an
put forward the following piture, explaining the situation in the two dimension ase :
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Vetors y, suh that Ty are situated on the right hand side of the two half straight lines
drawn from x0 endpoint, are not suitable. Indeed, in this ase Ty − x0 and Ty form an
obtuse angle. Thus, suh a vetor annot be the extremal vetor y0 and it will not be
onsidered in the minimisation. The innite dimension ase is similar : the only vetors y
that play a rle in the minimisation are the ones suh that Ty are situated on one side of
a half one given by the straight lines through x0 and orthogonal to tangents through 0 of
the irle entered on x0 with radius ε. The two dimension ase an be helpful :
✟✟
✟✟
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x0
Ty0
Use Pythagorean theorem to observe that those vetors norms are
√
‖x0‖2 − ε2.
4
3 Regularity with regard to ε
Fix now a vetor x0 ∈ H and onsider extremal vetors assoiated with T , x0 and ε
where ε ∈]0, ‖x0‖[. We fous now on the map dened in Setion 1 :
yx0,· : ]0; ‖x0‖[ −→ H
ε 7−→ yx0,ε
.
The next result, proved in [ae℄, holds :
Proposition 2 (Ansari-Eno). The map ε 7→ y0 is analyti over ]0, ‖x0‖[.
Proof. Observe that it sues to prove the analyity of ε 7→ rε, where rε is the negative
number given by Lemma 3. Indeed, Equation 2.1 implies (rεI − T ⋆T )y0 = −T ⋆x0, and
sine rεI − T ⋆T is invertible (beause for all r < 0, T ⋆T − rI > −rI > 0), y0 = −(rεI −
T ⋆T )−1T ⋆x0 holds. Fous now on the onverse map of ε 7→ rε, that is rε 7→ ε, whih is well
dened sine y0 is unique. As ε
2 = ‖Ty0 − x0‖2 = ‖ − T (rεI − T ⋆T )−1T ⋆x0 − x0‖2, this
entails the analyity of the map rε 7→ ε2, whih is moreover injetive. Consequently, rε 7→ ε
is analyti.
4 Regularity with regard to x0
In this setion, we x the real number ε to be positive, and study extremal vetors
assoiated with T , ε and x0 where x0 is a vetor in H\B(0, ε]. In a rst part, we will obtain
the ontinuity of the map dened in Setion 1 :
y·,ε : H\B(0, ε] −→ H
x0 7−→ yx0,ε
.
To prove this result, we rstly onsider the map x0 7→ ‖yT,x0,ε‖ :
Proposition 3. The map x0 7→ ‖yx0,ε‖ is ontinuous on the open set H\B(x0, ε).
Proof. Let µ be a positive number. The analyity of ε 7→ yx0,ε implies the ontinuity of
ε 7→ ‖yx0,ε‖. Thus, there exists ν > 0 suh that |‖yx0,ε±ν‖ − ‖yx0,ε‖| < µ. Let x ∈ B(x0, ν].
Then B(x0, ε − ν] ⊂ B(x, ε] ⊂ B(x0, ε + ν]. Consequently, minimality's denition involves
‖yx0,ε+ν‖ 6 ‖yx,ε‖ 6 ‖yx0,ε−ν‖. So, vetors x of the ball B(x0, ν] satisfy
‖yx0,ε‖ − µ 6 ‖yx,ε‖ 6 ‖yx0,ε‖+ µ
whih ompletes the proof.
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This result will help us to prove the global ontinuity of the map x0 7→ yx0,ε. The proof
use Proposition 3, the Pythagorean theorem and a Banah spae theorem, onerning a
dereasing intersetion of losed sets whose diameters onverge to 0.
Theorem 1. With the same hypotheses as in Proposition 3, the map x0 7→ y0 is ontinuous
at all point of the open set H\B(0, ε].
Proof. We restrit the study of the ontinuity at the vetor x0. Let x
(n)
0 be a sequene
onverging in H to x0. We set y(n)0 := yx(n)0 ,ε. Notie that for all positive number ν, there
exists an integer N suh that
∀n > N, y(n)0 ∈ {y ∈ H; ‖Ty − x0‖ 6 ε+ ν} .
Furthermore, the vetor yx0,ε belongs to this set. For this reason a dereasing sequene
(νn)n of positive numbers onverging to 0, and suh that for all integer k > n, y
(k)
0 ∈
{y ∈ H; ‖Ty − x0‖ 6 ε+ νn} an be onstruted. Set :
Fn :=
{
y ∈ H; ‖Ty − x0‖ 6 ε+ νn and ‖y‖ 6 sup
k>n
{
‖y(k)0 ‖, ‖yx0,ε‖
}}
.
This is a losed onvex set, and y
(n)
0 ∈ Fn. With the Pythagorean theorem, its diameter is
bounded by the real number
2×
√
sup
k>n
{
‖y(k)0 ‖, ‖yx0,ε‖
}2
− ‖yx0,ε+νn‖2 .
Therefore (Fn)n∈N is a dereasing sequene of losed sets whose diameters onverge to 0.
Completeness of the Hilbert spae H involves⋂
n∈N
Fn = {yx0,ε} .
Consequently the sequene (y
(n)
0 ) onverges to yx0,ε.
In this part, we study a partiular ase of the previous appliation. Here, T and ε are
xed as before, and x0 is a xed vetor in H\B(0, ε]. Study now the appliation

]
ε
‖x0‖ ,+∞
[
−→ R
t 7−→ ‖ytx0,ε‖
.
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Proposition 4. The map t 7−→ ‖ytx0,ε‖ is inreasing on
]
ε
‖x0‖ ,+∞
[
.
Proof. For more simpliity, onsider the map t 7→ ‖y(1+t)x0,ε‖ instead of the one of that
Proposition.
Firstly, observe that
V(1+t)x0,ε ⊂ B(x0, ε]
for all t ∈ R⋆+ suiently small, for example sine t belongs to
[
0, ε
2
‖x0‖2
]
. Indeed, if x′ ∈
V(1+t)x0,ε, then we obtain ‖(1 + t)x0 − x′‖ = ε and ‖x′‖2 6 (1 + t)2‖x0‖2 − ε2. Writing
x′ = (1+ t)x0 + k for k ∈ H, we an develop : ‖x′‖2 = (1+ t)2‖x0‖2 +2(1 + t)[x0|k] + ε2 6
(1 + t)2‖x0‖2 − ε2, so
ε2 + (1 + t)[x0|k] 6 0
holds. Furthermore x′−x0 = tx0+ k, so ‖x′−x0‖ 6 ε is equivalent to t‖x0‖2+2[x0|k] 6 0.
Sine t‖x0‖2 + 2[x0|k] 6 t‖x0‖2 − 2 ε21+t , it is suient to nd non negative numbers t suh
that
(1 + t)t‖x0‖2 − 2ε2 6 0.
A short study of this polynomial shows it vanishes twie, one of its zero is negative and
the other one is positive, equals to
1
2
(√
‖x0‖2+8ε2
‖x0‖
− 1
)
. We only have to hek that the
previous bound is less or equal to this one :√
‖x0‖2 + 8ε2
2‖x0‖ −
1
2
=
4ε2
‖x0‖(
√
‖x0‖2 + 8ε2 + ‖x0‖)
>
ε2
‖x0‖2
beause ε < ‖x0‖.
Consequently, using minimality argument of Proposition 1, we obtain ‖yx0,ε‖ 6 ‖y(1+t)x0,ε‖.
Sine x0 is arbitrary, ‖y(1+t1)x0,ε‖ 6 ‖y(1+t2)x0,ε‖ for all t1 6 t2, and the map is inrea-
sing on
[
0, ε
2
‖x0‖2
]
. The same idea applied to x1 = (1 +
ε2
‖x0‖2
)x0 instead of x0 shows
that t 7→ ‖y(1+t)x1,ε‖ is inreasing on
[
0, ε
2
‖x1‖2
]
. Applying this argument again, every map
t 7→ ‖y(1+t)xn,ε‖ is inreasing on
[
0, ε
2
‖xn‖2
]
, where the sequene (xn)n is dened by x0 and
xn+1 = (1 +
ε2
‖xn‖2
)xn. We get ‖xn+1‖ = (1 + ε2‖xn‖2 )‖xn‖ = ‖xn‖ + ε
2
‖xn‖
. As the sequene
(‖xn‖)n is inreasing, and the map f : x 7→ x + ε2x has no xed point, (‖xn‖)n tends to
innity as n tends to innity. Therefore the map t 7→ ‖y(1+t)x0,ε‖ is inreasing on [0,+∞[.
Taking another x0 in the same diretion but with a norm losed to ε, we obtain that this
map is inreasing on
]
ε
‖x0‖
− 1,+∞
[
, and the proof is omplete.
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Counter-example in the two dimensional ase. We show now that Proposition 4
annot be generalised to all diretions thanks to a ounter-example in the partiular ase
of dimension two. Let H be the two dimensional omplex Hilbert spae C2.
Example 1. Consider T = IC2 be the identity operator of B(C
2). Let x0 =
(
2
−2
)
and
u =
(
0
2
)
be two vetors of C
2
. Let ε = 1. Then, the map t 7→ ‖yx0+tu,ε‖ is dereasing on
[0; 1] and inreasing on [1;+∞[.
Proof. We know that the extremal vetor yx0+tu,ε belongs to T
−1(∂B(x0 + tu, ε)), whih
is determined by the equation ‖Ty − x0 − tu‖2 = ε. Writing y =
(
λ
µ
)
, it means that λ
and µ satisfy (λ − 2)2 + (µ + 2 − 2t)2 = 1. This is the equation of a irle C entered on
C =
(
2
2t− 2
)
with radius r = 1. Therefore
‖yx0+tu,ε‖ = d(O,C ) = OC − r =
√
4 + 4(t− 1)2 − 1 = 2
√
(t− 1)2 + 1− 1
where d stands for the distane in C
2
. A short study of the funtion t 7→ 2
√
(t− 1)2 + 1−1
ompletes the proof.
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